The isomorphism of 0-homology groups of a categorical at zero semigroup and homology groups of its 0-reflector is proved. Some applications of 0-homology to Eilenberg-MacLane homology of semigroups are given. Homology of semigroups and monoids was defined in works by Eilenberg and MacLane, but it was not developed well later on and turned out to be less investigated than cohomology of semigroups. Nevertheless it finds its application for different problems.
Homology of semigroups and monoids was defined in works by Eilenberg and MacLane, but it was not developed well later on and turned out to be less investigated than cohomology of semigroups. Nevertheless it finds its application for different problems. For instance, it is well-known [2] that if a group G is a group of fractions of its submonoid M then H (G A) ∼ = H (M A) for every G-module A. In such a situation Dehornoy and Lafont [4] construct free resolutions for monoids which allow, in particular, to compute the homology of braid groups. In [13] Squier showed that every monoid, possessing a finite complete rewriting system, satisfied some homological condition. He answered negatively the question on an existence of such a system for every finitely presented monoid with the solvable word problem. Squier's approach was developed, for instance, in [7] where the method to construct a free resolution for monoids with a complete rewriting system was described, which allowed in its turn to find homology of such monoids. Homology of free partially commutative monoids arise in the articles by Husainov (see [6] , [5] ) in connection with the construction of homology groups of asynchronous transition systems. If a semigroup S contains the zero then its homology and cohomology are trivial. In [9] (see also [11] ) so called 0-homology was built which, generally speaking, is nontrivial for semigroups with zero. Furthermore, if S contains the zero then a semigroupS, called 0-reflector of S, can be constructed (see definition below) and its cohomology groups are closely connected with 0-cohomology groups of S. Moreover for categorical at zero semigroups these groups are isomorphic in all dimensions. In particular 0-cohomology allows to compute cohomology groups in some cases.
In view of the aforesaid in [12] 0-homology of semigroups is constructed and it is shown that the properties of the first 0-homology groups are similar to those of the first 0-cohomology groups. In this work we study 0-homology groups of greater dimensions. The main result about an isomorphism of 0-homology groups of the categorical at zero semigroup and homology groups of its 0-reflector is contained in Section 2 (notice that its proof essentially differs from the proof of the similar statement for 0-cohomology). Section 3 is devoted to the defining relations of categorical at zero semigroups and is auxiliary (however is of its own interest). It is used in Section 4 in examples and applications of 0-homology to the computation of Eilenberg-MacLane homology groups.
Preliminaries and basic definitions
All the modules under consideration are right modules. The notion Sem is used for the category of semigroups. Consider Sem 0  the category, which objects are semigroups with zero elements, and morphisms are such mappings : S → T that (0) = 0, −1 (0) = 0 and ( ) = ( ) ( ) if = 0 (0-homomorphisms). The subcategory of the category Sem 0 consisting of semigroups with an adjoint zero is, obviously, isomorphic to the category Sem. Therefore we will consider Sem as the subcategory in Sem 0 . Recall the definition of a reflective subcategory.
Definition 1.1 ([8]).
A subcategory D of a category C is called reflective if to each object C ∈ C such an object In [12] it was shown that the category Sem is reflective in Sem 0 . For a semigroup S with zero we denote its Sem-reflector byS and call it a 0-reflector. For instance, the semigroup S with an adjoint zero has a trivial 0-reflector:S = S. The semigroupS admits other equivalent constructions. Let S be given by nonzero generators and defining relations:
We say that a relation P = Q is a zero relation if the value of the word P in the semigroup S equals 0.
Proposition 1.1 ([10, 12]).
If all the zero relations in (1) are thrown off then the semigroup obtained is the 0-reflector of S.
The following construction [9, 10] is convenient for direct work with the elements of the semigroupS. Let (S) denote the set of all sequences ( 1 2 ), ≥ 1, for which the following conditions hold:
Define on the set (S) such a binary relation ν that Letν be the least equivalence containing ν andS be a quotient set (S)/ν. Let 1 denote the image of the element ( 1 ) ∈ (S) under factorization. ThenS becomes a semigroup which elements are multiplied by the following rule:
The following notions give us an Abelian category required for building 0-homology.
Definition 1.2 ([9]).
A 0-module over a semigroup S with zero is an Abelian group A (in additive notation) with a multiplication A×(S \0) → A satisfying for every
A homomorphism from a 0-module A to a 0-module B (over S) is an Abelian groups homomorphism :
0-Modules over the semigroup S form the category C 0 (S) that is isomorphic to the category C(S) of ordinary modules overS [9] . The correspondence between objects of these categories is specified in such a way. If A ∈ C 0 (S) then A becomes anS-module by putting
IfĀ ∈ C(S) thenĀ can be transformed into a 0-module over S by putting¯ =¯ for¯ ∈Ā and ∈ S \ 0. Define now 0-homology groups for a semigroup S with zero 0 [12] . Let A be a 0-module over S. By D we denote the subset of all -tuples 
It is easy to see that ∂ is well defined and is a boundary homomorphism:
Definition 1.3.
The group H 0 (S A) = Ker ∂ /Im ∂ +1 , ≥ 1 is called an -th 0-homology group of a semigroup S with coefficients in a 0-module A.
In other words the 0-homology groups H 0 (S A) are defined as the homology groups of the complex C 0 * :
Along with the 0-homology of S we consider homology groups H (S A) of the 0-reflectorS with coefficients in the module A. According to one of the definitions [2] they are the homology groups of the complex C * :
Here C (S A) are groups of chains, i.e. linear combinations of the form
where 1 ∈ A, [ 1 ] are all the possible -tuples ofS elements and only finitely many summands are nonzero. The boundary homomorphisms δ are similar to the 0-chains homomorphisms ∂ .
Remark 1.1.
The zero homology group H 0 (S A) equals A/Im δ 1 , Im δ 1 being generated by all differences of the form − where ∈ A, ∈S. Therefore it is natural to define a zero 0-homology group as
The group Im ∂ 1 is a subgroup in A generated by all differences of the form − where ∈ A, ∈ S \ 0. The equality − = − induces the embedding Im ∂ 1 → Im δ 1 . Since each generator 1 − of the group Im δ 1 can be represented as
this embedding is surjective. Hence, Im ∂ 1 = Im δ 1 and
Notice that if S is a semigroup with the adjoint zero then H 0 (S A) ∼ = H (S \ 0 A). If we consider A as a 0-module over the semigroup S and as an ordinary module overS then the group homomorphism ε :
arises in a natural way. We put also ε 0 = id A . The homomorphisms family ε = {ε } ∞ =0 can be represented as a complex map:
It is not difficult to check that for ≥ 1 the equalities ε −1 ∂ = δ ε hold. Hence, the map ε = {ε } ∞ =0 is a chain map. Thus the homomorphisms ε induce the homomorphisms ε * : H 0 (S A) → H (S A). For an arbitrary semigroup S with zero and a 0-module A the following result was obtained in [12] (taking into account the remark, given above, about the isomorphism of zero homology groups): Theorem 1.1. ε * is an isomorphism for ≤ 1 and an epimorphism for = 2.
The main theorem
In what follows A is a fixed 0-module over a semigroup S unless specified otherwise.
Definition 2.1 ([3]).
A semigroup S is called categorical at zero if = 0 implies = 0 or = 0.
Our main result is contained in the following theorem:
Theorem 2.1.
If S is categorical at zero then the map ε
is an isomorphism for all ≥ 0 and every 0-module A.
In view of Theorem 1.1 the statement has to be proved only for ≥ 2. To prove that ε * is a monomorphism we make use of the following Lemma:
Lemma 2.1 ([12]).
Let chain complexes M, N and a chain map α : M → N be given:
If for some ≥ 1 there exist module homomorphisms β :
then the induced homology groups homomorphism α
We put M = C 0 , N = C , α = ε and construct suitable homomorphisms β . The following notations will be convenient: let X denote an element 1 ∈S. Besides if for an -dimensional chain [X 
Lemma 2.2.
For ≥ 2 the equality β ε = id C 0 holds.
Proof.
For ≥ 2 and [ 1 ] ∈ C 0 we have:
since 1 2 = 0.
Lemma 2.3.
Let S be a categorical at zero semigroup. Then ∂ β = β −1 δ for all ≥ 2.
Proof. For = 2 Lemma 2.3 is a special case of Lemma 2.5 from [12] . Let ≥ 3. Consider three possible cases for
1. Let 2 = · · · = −1 = 1 and (2), (3) in Lemma 2.1 for ≥ 2 being satisfied. Hence, the map ε * is a monomorphism. Applying successively Lemma 2.4 for = 2 3 we obtain the required statement.
Defining relations of categorical at zero semigroups
Denote by S = 1 | A = B = 1 a semigroup with generators (1 ≤ ≤ ) and defining relations A = B , = 1
. Let S be categorical at zero. If some defining relation of the semigroup S is of the form A = 0 then, in view of categoricity at zero, it is a consequence of some equality = 0. Therefore in what follows we suppose that on the set N = {1 2 } a relation Γ is given such that ( ) ∈ Γ ⇔ = 0 and we write down a categorical at zero semigroup in the following form:
where A = 0 and B = 0 for all ≤ . Introduce the notations:
Besides denote the length of a word A by (A); we suppose that in (4) (A ) ≥ (B ) and (A ) ≥ 1 for all ≤ .
Proposition 3.1. Consider now a connection between defining relations of semigroup S and those of its 0-reflectorS.
Let a semigroup S be given in the form (4). Let

Proposition 3.2.
Let a categorical at zero semigroup S be given by defining relations (4) . Then
where the words A B are considered in the alphabet 1 
. Conversely ifS is given by relations
) then there exists a subset Γ ⊆ N such that the semigroup S can be given in the form (4) .
Proof. The first part of the proposition follows immediately from Proposition 1.1. 
Let now the semigroupS be defined by the relations
Some applications
The results of the previous section can be used to establish connections between ordinary homology groups and 0-homology ones. The following assertion is a simple example: Proof. According to Proposition 3.1 S is categorical at zero. Proposition 3.2 implies thatS is a free semigroup.
Hence, H (S A) = 0 for > 1 (see, for example, [2] ). Now the statement follows from Theorem 2.1.
Usually a semigroup with zero is simpler than its 0-reflector. Therefore for computation of homology groups of a given semigroup T the following technique can be used: find a categorical at zero semigroup S such that its 0-reflectorS is isomorphic to T , calculate H 0 (S _) and use Theorem 2.1. Let a semigroup T be given in the form
Introduce the notation: = {A = B | 1 ≤ ≤ }. Let I( ) denote the set of the elements ∈ T such that A ∈ T T for all . This set is an ideal in T if it is not empty.
The following proposition proved in [12] is in some sense the converse to Proposition 1.1. It will be helpful for us in examples.
Proposition 4.2.
Let a semigroup T be given in the form (5) and Let a semigroup T be given in the form (5) . Assign to the defining relations system the graph ∆, which vertices set {1 2 } and the edges are the pairs ( ) such that the product is contained in some of the words A B ( ≤ ). We call a vertex of the graph ∆ an entrance (an exit) if ( ) ∈ ∆ (respectively ( ) ∈ ∆) for every vertex . Proof. Similarly to the proof of Theorem 5 in [9] consider T  the 0-direct union of the semigroups T λ = S λ ∪ 0 with extra zeroes. Then the semigroup T is categorical at zero and T S. In view of Theorem 2.1 and the previous lemma we obtain the required statement.
